Probability and Measure 2021-2022
Exam 1

1. [30 points] Let A be a set in the Borel g-algebra of R.

(a) Prove that the function F': R — R defined by F(x) = m(AN(—co,z]) is continuous
(m denotes Lebesgue measure).

(b) Assume that A has positive Lebesgue measure. Prove that for every § > 0, there
exists z € R such that m(AN (2,2 +46)) > 0.

2 [30 points] Let f : R? — R be an mtegrable function (with respect to the measure
space (R, B4, m)). Let By, Es, . .. be Borel subsets of R? with the property that every © €
R belongs to at most finitely many of these sets. Prove that

lim fdm=0.
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3. [20 points] Let (4, F1) and (Qs, F2) be measurable spaces. Assume that Qg has at
least two elements and JF» is the trivial o-algebra, that is, Fo = {Q2,2}. Prove that
if i1 X Q2 — Ris (F1 ® Fa, B)-measurable, theu f(w,,ws) does not depend on ws
(th&t iS, f(wlaw2) = f(wlywé) for all Wy, W2, wIZ)
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4. [10 points] Lt {0, A, u) be a measure space. Give the definition of the set L2(7, A, u),
of the semi-norm || - || and of the set L= (Q, A, ).
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