
Probability and Measure 2021-2022 
Exam 1

1. [30 points] Let A be a set in the Borel a-algebra of E.

(a) Prove that the function E : M M. defined by F(x) = m,{An (—oo, .t]) is continuous 
(m denotes Lebesgue measure).

(b) Assume that A has positive Lebesgue measure. Prove that for every 5 > 0, there 
exists x G M such that m(A D (.r, a; + 5)) > 0 .

2 [30 points] Let / : t M be an mtegrable function (with respect to the measure
space (Md, Bd.im)). Let Ei, E2,... be Borel subsets of Md with the property that every x G 

belongs to at most finitely many of these sets. Prove that

3. [20 points] Let (Qi,^) and be measurable spaces. Assume that has at
least two elements and JS is the trivial o-algebra, that is, = {0.2,0}- Prove that 
if / ; x fig ^ is {Fi <8> JS,E)-measurable, then /(coi,^) does not depend on cl>2 
(that is, f{u)i,u!2) = for all cui, u)2, co^)-

4. [10 points] LA {O, A, /i) be a measure space. Give the definition of the set £00(G, A, /i), 
of the semi-norm || ■ ||oo and of the set L00(G, A,/i).

+10 free points


